Two double-focusing magnetic spectrometers will be used to momentum analyze the electron beam produced by the l'OASIS laser plasma wakefield accelerator. One spectrometer, based on a round pole magnet, has an operating range up to 50 MeV/c, with a resolution in the 1-2% range. The other spectrometer, based on a wedge dipole magnet, has better resolution (about 0.5%) but an operating range limited to below 18 MeV/c. This note describes the optical design of the spectrometers, and provides detailed estimates of performance features such as dynamic range, operating range, calibration, resolution, acceptance, and aberrations
I. INTRODUCTION
In this note, the design of two double-focusing magnetic spectrometers is described, and the spectrometer performance is detailed. The spectrometers are to be used for the momentum analysis of electrons produced from the l'OASIS laser wakefield plasma accelerator. A schematic layout of the spectrometer system is shown in Fig. 1 , which indicates all the spectrometer-related components and distances, but is not to scale. A to-scale drawing is shown in Fig. 2 . The first spectrometer magnet, called the "round pole magnet", is a model 3473-70 GMW Associates Laboratory Electromagnet. The pole cap is cylindrical, with a 150 mm diameter. The second spectrometer magnet, called the "pacman magnet", is a standard wedge-pole C-dipole. 
II. TRANSPORT MATRICES FOR WEDGE BENDING MAGNETS
The standard formalism for the first-order optical properties of wedge bending magnets is given in [1, 2] . The general geometry is shown in Fig. 3 , taken from [1] . The first-order thick lens transport through the body of a In these equations, the z coordinate is out of the page, δl is the path length difference from the reference trajectory, and δp p is the relative momentum difference from the central momentum. In the thin lens (impulse) approximation, the first order edge focusing is described by the matrix The edge angle β is shown in Fig. 3 . For positive β, the edges are defocusing in the bend plane and focusing in the non-bend plane. The angle ψ corrects for the finite length fringe field associated with a finite magnet gap G. To lowest order in G ρ , it is given by
in which K is given by the following integral over the fringing field of the magnet,
where B 0 = B z (0) is the central field. K = 1 6 for a linear fringe field. The overall transport through the magnet is described by M (β, ρ) = M edge (β, ρ) M body (α, ρ) M edge (β, ρ)
III. DESIGN OF THE ROUND POLE SPECTROMETER
A. Geometry and linear optics Fig. 4 illustrates the geometry of the round pole magnet, for which we assume that the magnetic field is azimuthally symmetric. (This assumption is supported by three-dimensional ANSYS magnetic field calculations, and also by comparisons between the field measurements, discussed below, and a two-dimensional POISSON model of the magnetic field) [3, 4] .
The simplest model for the field corresponds to a hard-edge model in which a uniform vertical field of magnitude B 0 extends out from the origin of the Cartesian coordinate system to an effective radius R. For a given particle momentum p, the bending radius ρ is given in terms of the central field B 0 and the momentum by
For a given field (i.e, fixed B 0 and R), a given bend angle α, and a given value of the parameter ∆ (see Fig. 4 ), there is a unique value of the bend radius corresponding to the trajectory illustrated in Fig. 4 . The bend radius can be found from the geometry given in Fig. 4 . We have and
So we have for the bend radius
The central momentum for this bend radius can then be calculated from Eq. (2). This value of the bend radius can then be substituted into the transport matrices described in Section II to compute the optics. From the geometry shown in Fig. 4 , we have
The parameter ∆, which determines where the trajectory transits the magnet, is the only free parameter. The "design" of this spectrometer then consists of finding a value of ∆ corresponding to the condition of double focusing at the image point. This value will depend on the distance s o . In practice, what is fixed is the distance between the object and the intersection of the incoming and outgoing trajectories, i.e., the distance S o = s o +s m in Fig. 4 . This distance will be called the object distance. The distance s o may be derived from this using
The coordinates of the object are given by
The coordinates of the image are
in which S i = s i + s m is the image distance. The overall transport matrix from object to image is given by
in which 
is the matrix for a drift space. The requirements for point-to-point focus at the image point in the bend plane and non-bend plane are, respectively,
These equations may be solved to give the distances s iu and s iz for a focus in the bend plane and non-bend plane. When s iu = s iz we have the required double focus condition. The focal lengths of the magnet itself in the bend and non-bend plane are given respectively by
Measurements of the magnetic field of the round pole magnet were made using a Hall probe. These data may be used to find the value of the effective radius R. Fig. 5 shows the measured magnetic field B z vs. r. The effective radius is defined by
From the data shown in Fig. 5 , we find R=117.3 mm. From Fig. 1 , the object distance is S o =1.142 m. The bend angle imposed by the vacuum chamber is α = 55
• . The central field (see Fig. 5 ) is B 0 =0.67 T (corresponding to 35 A in the magnet). The magnet gap is G=58 mm, and the value of K computed from 
B. Linear lattice functions
Considering the spectrometer system to be a beam transport line, the linear lattice functions β x , β y , and the momentum dispersion η may be calculated from the transport matrices. The initial value of the lattice functions β 0 (taken to be the same in both planes) may be estimated by making some assumptions about the initial beam phase space. The full angular spread of the beam from the laser plasma wakefield accelerator can be as large as 40 mrad. However, as discussed below, the spectrometer cannot transmit this large angular spread without very significant optical aberrations. So, we will assume that the beam is collimated to an rms angular spread of σ 0 =0.010 rad. We take the initial rms beam size to be roughly that of the laser spot σ 0 = 6 µm. Then β 0 = σ0 σ 0 = 0.6 mm. The corresponding geometric emittance is ε = σ 0 σ 0 = 0.06 µm. We also assume no initial position-angle correlation. Then we can calculate the evolution of the lattice functions, and the associated beam sizes, through the spectrometer. Fig. 9 shows the lattice functions, and Fig. 10 sizes, given by σ = √ εβ. Because of the very large aspect ratio of the initial phase space, the lattice function β rises to a more than a km before being brought down by the spectrometer magnet focusing field. The dispersion is shown in Fig. 11 . 
Numerical solution technique
As Fig. 5 shows, the magnetic field of the round pole magnet is mostly fringe. Given this situation, it is unclear how well the thin lens approximation for the fringing field will work. Therefore, it seemed prudent to check the first order results by a direct solution of the equations of motion. This will also automatically include all geometric and chromatic aberrations. The equation of motion for an electron of charge −e, momentum p, and velocity v, in a field B, is dp dt = −ev × B
In the Cartesian coordinate system shown in Fig. 4 (positive z is out of the paper), the equations of motion become
in which primes denote differentiation along the trajectory coordinate l = vt. B 0 ρ is given by Eq. (2). The fields to be used in these equations may be derived from the field shown in Fig. 5 , with the following assumptions. As noted above, we assume azimuthal symmetry in a cylindrical coordinate system centered on the origin shown in Fig. 4 . We also assume midplane symmetry, so that the vertical component of the magnetic field may be written in the form
Keeping only the terms shown in the previous equation, and requiring that the field satisfies the Maxwell equations
leads to the following result for the radial field component:
and the following expression for B z1 :
The field components in the Cartesian system are given by
Using these relations in the trajectory equations will treat the fringe field correctly to all orders in x and y, and to third order in z.
The equations of motion have been solved using Mathematica's NDSolve function, starting at the point given by Eqs. (3) and (4). The solution is obtained iteratively as follows. For given values of ∆ and S o , and a trial value of ρ, the trajectory is calculated, and the total bend angle is determined. The value of ρ is then adjusted to make the total bend angle equal to α = 55
• . This determines the reference trajectory and central momentum for the chosen value of ∆. To evaluate the focusing properties of the system, we must first transform from the (x, y) system to the curvilinear coordinate system in the bend plane (u, s) shown in Fig. 3 . The orthogonal coordinate of a point (x, y) is
in which (x 0 (s) , y 0 (s)) is the reference trajectory, given numerically as described above, and tan θ (s) = y (s)
The orthogonal coordinate of a general trajectory is u (x (l) , y (l) , s) in the bend plane, and z (l) in the non-bend plane. To evaluate these in terms of the reference trajectory coordinate s, we use
in which δl is the first order path length difference, given implicitly by Eq. (5). Explicitly, for s > s o + ρα, we have
We will neglect higher order terms in the dependence of the path length on the initial coordinates. A trajectory which initially deviates from the reference trajectory by a transverse displacement u 0 and a small transverse angle u 0 has initial x, y coordinates and angles
The trajectory equations may be solved with these initial conditions. Let us call the resulting trajectory coordinate orthogonal to the reference trajectory at the image u i (u 0 , u 0 , s) . For a point-to-point focus, the image point in the bend plane then occurs at a coordinate S tot,u given by the solution of the equation
A similar relation gives the image coordinate in the non-bend plane: 
Test of the numerical technique
As a check of the numerical integration routines, the central trajectory has been computed for the following idealized field:
This field corresponds to the assumption made in deriving the first-order transport matrices: a uniform B z field with a hard edge, and a B r fringe field providing vertical focusing. The edge focusing matrix given above in Section II. assumes the thin lens approximation, so we must take the magnet gap to be small compared to the bend radius (about 250 mm). We take G=5 mm, and take K = 1 6 , appropriate for a linear fringe field. Otherwise, we use the geometry in Fig. 1 (S o =1142 mm) and the field parameters used in Sec. III A (B 0 =0.67 T, R=117.3 mm). We also take ∆ = −20.23 mm.
The central trajectory is numerically calculated and the bending radius associated with a 55 • bend calculated as described above. The result gives a central momentum of 50.26 MeV/c, just as in the linear case. Fig. 12 shows four trajectories, computed by numerical solution of the differential equations of motion. The red curves correspond to trajectories in the bend plane, relative to the reference trajectory; the initial values are u 0 = ±1 mrad. The black curves are trajectories in the non-bend plane, corresponding to z 0 = ±1 mrad. The bend plane images at S tot,u = 2.796 m from the object. Note that the trajectories do not intersect at zero offset; this is due to horizontal aberrations. In the non-bend plane, the image is at S tot,z = 1.903 m.
The distance S tot is the total distances along the reference trajectory. To relate this to the image distance S i , we use
Using this equation, we find that the image distances S i in the bend and non-bend plane, are, respectively, 1.674 m and 0.782 m. The linear optics equations predict respective values of 1.675 m and 0.785 m, in good agreement. The vertical focus is much close to the object here than in the solution described in Section III A because of the much shorter idealized fringe field, required to make a sensible comparison between the numerical solution and the thin-lens edge transport matrix.
Application to the measured field of the round pole magnet
The central trajectory was then numerically calculated using an exponentially smoothed interpolation function to represent the measured magnetic field (see Fig. 5 ), starting at S o =1142 mm, and for α = 55
• . For several values of ∆, the bending radius associated with a 55
• bend was calculated as described above, and the position of the focus in the bend plane and the non-bend plane was calculated. It was found that for ∆ =-19.1 mm, both foci occurred at almost the same image distance. For this value of ∆, the central momentum was found to be 49.74 MeV/c. The distance S tot is the total distance along the reference trajectory, which is no longer circular within the magnet. The image distance S i must be computed in this case as follows:
Using this equation, we find image distances of (S iu , S iz ) = (1.668, 1.664) m. From Fig. 1 , the phosphor for viewing the beam is located at S=1661 mm, 5 mm from the average focal point. The geometry and first order optical properties of the round pole spectrometer are summarized in Tables I and II . of the round pole magnet is indicated by the yellow crosshairs; the required position of the center is at the origin. The total required shift of the center of the magnet is about 8 mm in x and 5 mm in y. Fig. 15 shows the complete layout of the round pole spectrometer from object to image
D. Aberrations and momentum resolution
Aberrations to second order have been calculated using the analytical formulae and matrix approach described in [1] . To second order, the dependence of the position at the image on the trajectory initial angles u 0 and z 0 , and the momentum deviation δp p , are given by
in which u i is the bend-plane transverse coordinate , and z i is the non-bend-plane transverse coordinate, both evaluated at the bend-plane image point. The nomenclature chosen for the higher order coefficients associates
. Aberration effects have also been calculated using the numerical techniques based on the measured field described above in Section III C 1. A series of trajectories, spanning a range of initial angles in u 0 and z 0 of ±15 mrad, and a range in δp p of ±5%, have been numerically computed, and the dependence of u i and z i on u 0 , z 0 and δp p has been fit to functions of the form
These are the most general forms, consistent with midplane symmetry of the field, up to fourth order. Tables III and IV present the second order numerical fit coefficients, together with the analytical results. The second order fit coefficients generally agree well with the second order analytic results. The higher order coefficients quantify cubic and quartic nonlinearities; these are given in Tables IV-VII. 
IV. DESIGN OF THE PACMAN SPECTROMETER A. Geometry and linear optics
The geometry of the small C-magnet (pacman) is shown in Fig. 16 . For a given field (i.e, fixed B 0 and L), and a given bend angle α, there is a unique value of the bend radius corresponding to the trajectory illustrated in Fig. 16 . We have for the bend radius ρ = L 2 sin α 2 (9) and the central momentum can then be calculated from Eq. (2). The angles in Fig. 16 are related by γ = α−2β.
The value of the bend radius can then be substituted into the transport matrices. The value of the angle β is the only remaining free parameter. If one were designing a new magnet, this angle would be varied to find a value corresponding to the condition of double focusing at the image point. This value will depend on the object distance S o . In the case of the existing pacman magnet, the value of β is already determined. Hence we would not necessarily expect to realize the exact double focusing condition. However, as described below, we are not far off.
The coordinates of the object and image are given by 
and of the image, by
For the pacman magnet, the bend angle is α = 90
• , and an estimate of of the edge angle, based on a direct measurement of the pole tip geometry, is β = 28.25
• . The magnetic field of the pacman magnet has been measured with a Hall probe. The data are shown in Fig. 17 . From this data, the effective length L of the magnet can be estimated. The effective length is found to be 28.3 mm longer than the physical length across the pole (directly measured to be 258 mm), giving L=286.3 mm. The bend radius can than be found from Eq. (9) to be ρ=202.5 mm.
To evaluate the first order focal properties using Eq. (5) above, we must determine the fringing field integral, Eq. (1), which can be found from Fig. 17 . The magnet gap is 44 mm, and the fringing field integral is found to be K=0.328. From Fig. 1 , the object distance S o = 1921 mm. The image distances can then be determined from Eq. (6) above. The image distance in the bend plane is found to be S iu =407.1 mm, and in the non-bend plane it is S iz =397.4 mm. Although the bend plane and non-bend-plane focus occur at different distances, the performance is not significantly degraded due to this, since the aberrations dominate. This is discussed below in Section IV D.
B. Linear lattice functions
Using the same assumptions as stated in Sec. III B, above, we can calculate the evolution of the lattice functions, and the associated beam sizes, through the pacman spectrometer. Fig. 18 shows the lattice functions, and Fig. 19 the beam sizes, given by σ = √ εβ. The dispersion is shown in Fig. 20 . 
C. Direct integration of the equations of motion
The technique discussed above in Section III C 1 for the numerical integration of the equations of motion for the round pole magnet may be applied to the pacman magnet, using the measured field given in Fig. 17 . In this case, the field was fitted to an Enge-type function of the form
with G=magnet gap=44 mm. The resulting fit is shown in Fig. 17 . The only additional complication is in the treatment of the pole edges. Each pole edge is considered to be a segment of the arc of a circle of radius R.
(See Fig. 16 ). The left edge has a center at C 1 , and the right edge has a center at C 2 . The coordinates of the centers are Using this field, the vertical and radial field components may be calculated as described above in Section III C 1. The field coordinates in the Cartesian system shown in Fig. 16 are then derived using
in which C = C 2 if x < 0 and C = C 1 if x > 0. The equations of motion have been solved starting at the point given by Eq. (10) and (11), with α = 90
• , S o =1921 mm, and s o = 1720 mm. The radius of curvature of the pole tip is estimated as follows. On Drawing 18M653, of the proposed new pacman magnet, the pole tip radius is indicated as 1086 mm. Since the existing pacman is purported to be a half-scale version of this, we take the pole tip radius to be about half this: R=530 mm. (A direct measurement from the curvature of the pole tip gives a radius of curvature of 520 mm, with a few tens of mm error). This defines the magnet geometry fully. We take the central field to be B 0 =0.297 T (from Fig. 20) , corresponding to 150 A in the magnet. Numerical solution of the central trajectory then gives ρ=200.2 mm, implying a central momentum of 17.83 MeV/c for this field. The images are found at the distances (S iu , S iz ) =(410.7, 396) mm. The trajectories are shown in Fig. 21. From Fig. 1 , the phosphor screen for viewing the beam is located at S=402.5, very close to the average focal point. The geometry and first order optical properties of the pacman spectrometer are summarized in Tables VIII and IX. 
D. Aberrations
Aberrations to second order have been calculated using the analytical formulae and matrix approach described in [1] . As discussed above in Section III D, a series of trajectories, spanning a range of initial angles in u 0 of ±15 mrad and in z 0 of ±9 mrad, and a range in δp p of ±5%, have been numerically computed, and the dependence of u i and z i on u 0 , z 0 and δp p has been fit to functions of the form described in Section III D. Tables X and XI presents the results of the second order numerical fit coefficients, together with the analytical results. The second order fit coefficients agree well with the second order analytic results. The higher order coefficients quantify cubic and quartic nonlinearities; these are given in Tables XI-XIV.
V. PERFORMANCE OF THE ROUND POLE SPECTROMETER A. Dynamic range
The dynamic range of the spectrometer is the range of momenta which can be measured with a given setting of the magnet current. This is determined by the dispersion at the focus, and by the range of physically observable distance in the bend plane at the focus. The window on which the beam will be observed is about 140 mm wide. Fig. 22 shows the calculated relative momentum vs. distance at the focus. From that figure, the dynamic range of the spectrometer is roughly −4.5% to 5%.
B. Central momentum vs. magnet current
Neglecting saturation effects, there is a linear relation between the central momentum and the magnet current. The central momentum is 49.74 MeV/c for a central field of 0.67 T, which is attained at a current of 35 A. Thus, the relation between the central momentum and the current, neglecting saturation, is
The published curves [5] of field vs. current, for a 58 mm gap, indicate that the magnet is not saturated at 35 A, so this linear relation should be accurate for lower currents.
C. Momentum resolution
To second order, the dependence of the horizontal trajectory co-ordinate at the focus on the momentum deviation and the initial trajectory angles at the source is given by Eq. (7):
The last two terms are typically small (see Table III ); neglecting these, we can solve for the momentum deviation
Consider a collection of trajectories, all with the same momentum deviation, and arriving at the same horizontal trajectory coordinate, but starting with different initial angles. The average value of the momentum deviation we would measure is
The last two terms in the numerator represent a correction to the momentum/position correlation indicated in Fig. 22 , due to aberrations. The standard deviation in the momentum measurement is
The smallest momentum separation which we can clearly resolve is the momentum resolution. Let us take this to be equal to two standard deviations of the measurement. For a Gaussian distribution in the initial angles, for which z 0 4 = 3 z 0 2 2
, and taking u 0 2 ≈ z 0 2 , the resolution is To provide some estimates of the expected characteristics of the beam spot at the focus, a collection of trajectories representing the beam has been tracked through the spectrometer by numerical solution of the equations of motion. The physical acceptance of the spectrometer, limited by the vacuum chamber, is about ±30 mrad in z and (+22, -15) mrad in u . However, as discussed above in Sections V C and V D, allowing such a large range of vertical angles seriously degrades the momentum resolution of the spectrometer, and would result in a vertical spot size of many centimeters. For this reason, we assume that both the initial vertical and horizontal angles are collimated to ±15 mrad. A series of 300 trajectories has been calculated, corresponding to a point source, with a uniform distribution in u 0 and in z 0 over the ranges cited above. All these trajectories have a momentum equal to the central momentum. Fig. 26 shows the distribution of these trajectories at the focal point in u and z. Fig. 27 and Fig. 28 show the histograms of the projections of this distribution onto the u and z axes.
These calculations were repeated for 300 trajectories with momenta 2% higher, and 2% lower, than the reference momentum. Fig. 29 shows the distribution of these trajectories at the focal point in u and z. Fig. 30 shows the histogram of the projection of this distribution onto the u axis. The dynamic range of the spectrometer, the range of momenta which can be measured with a given setting of the magnet current, is determined by the dispersion at the focus, and by the range of physically observable distance in the bend plane at the focus. The window on which the beam will be observed is about 65 mm wide. Fig. 31 shows the calculated relative momentum vs. distance at the focus. From that figure, the dynamic range of the spectrometer is roughly −7% to +7%. A collection of trajectories has also been tracked through the pacman spectrometer. The acceptance of the magnet is limited by the size of the vacuum chamber at the magnet entrance, which imposes the limits |u | < 15 mrad, and |z | < 9 mrad. A series of 300 trajectories has been calculated, corresponding to a point source, with a uniform (random) distribution in u and in z over the ranges cited above. All these trajectories have a momentum equal to the central momentum. Fig. 36 shows the distribution of these trajectories at the (horizontal) focal point in u and z. Fig. 37 and Fig. 38 show the histograms of the projections of this distribution onto the u and z axes.
These calculations were repeated for 300 trajectories with momenta 1% higher, and 1% lower, than the reference momentum. Fig. 36 shows the distribution of these trajectories at the focal point in u and z. Fig. 40 shows the histogram of the projection of this distribution onto the u axis. Two magnetic spectrometers will be used to momentum analyze the electron beam produced by the l'OASIS laser wakefield accelerator. In this note, the optical design of the spectrometers is described, and performance features of these spectrometers have been analyzed. One spectrometer, which uses a magnet with a round pole, is capable of momentum analysis with a maximum central momentum in excess of 50 MeV/c. For a given setting of the field, it has a dynamic range of about 11%, acceptance (limited by aberrations) of about ±15 mrad, and momentum resolution of about 1.5% at this acceptance. The other spectrometer is limited in momentum analysis capabilities to a maximum central momentum of about 18 MeV/c. For a given setting of the field, it has a dynamic range of about 14% and an acceptance (limited by vacuum chamber) of about ±15 mrad in the bend plane and ±9 mrad in the non-bend plane. It has a momentum resolution of about 0.5% at this acceptance.
